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A method of solving the canonical Hamilton equations, based on a search for invariant manifolds, which are uniquely projected
onto position space, is proposed. These manifolds are specified by covector fields, which satisfy a system of first-order partial
differential equations, similar in their properties to Lamb’s equations in the dynamics of an ideal fluid. If the complete integral
of Lamb’s equations is known, then, with certain additional assumptions, one can integrate the initial Hamilton equations explicitly.
This method reduces to the well-known Hamilton—Jacobi method for gradient fields. Some new conditions for Hamilton’s equations
to be accurately integrable are indicated. The general results are applied to the problem of the motion of a variable body.
© 1997 Elsevier Science Ltd. All rights reserved.

1. INTRODUCTION
The Hamilton-Jacobi method reduces the problem of solving the canonical equations

x;=dH/dy,, y;j=—0H/ox;, 1<i<n;, H=H(xy,t) (1.1)
to an investigation of the first-order partial differential equation
aS/ot+ H(x,,...,x,,08/0x,,...,05/ 9x,,,1)=0 1.2)
If S(x, ¢) is a particular solution of Eq. (1.2), the relation

y = 38/ox (1.3)

gives an n-dimensional invariant manifold X of system (1.1). Suppose S(x,¢,¢),c = (cy, . . . , ¢,) is the
complete integral of Eq. (1.2): for all ¢ this function satisfies Eq. (1.2) and

det|3%S/ 3x,9c; |20 (1.4)

In this case the phase space of system (1.1) is stratified on invariant manifolds

Y. = {x,y: y = 35/ox)

where, by Jacobi’s theorem, the following relations hold
98/dc=—-a, a=(ay,..,4a,) (1.5)

From (1.5) one can obtain the variable x as a function of ¢, and 2» arbitrary constants a and c. The
variables y are then found from (1.3).

By condition (1.4), using the implicit function theorem, from n equations (1.3) one can find (at least
locally) ¢y, . . . , ¢, as functions of x, y, ¢. These functions are independent integrals of Eqs (1.1), which
are in the involution: {c;, ¢;} = 0. Conversely, if we know the n independent involutive integrals of
Hamilton’s equations (1.1), we can explicitly construct the complete integral of Eq. (1.2). Note also
that Egs (1.3) and (1.5) specify the canonical transformation x, y - ¢, a with the generating function
S.

A more general approach to investigating Hamilton’s equations (1.1) consists of replacing Eq. (1.2)
by the system of firsi-order partial differential equations
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- -0ufot + (1ot u) v =— oh/ox (1.6)

where u = (ul, .., u,)-are functions of x and ¢ (the convector field in position space {x}) rot u
oufax — (au/ax) du/dx = || duydx; ||.is an n x n skew-symmetric matrix, and v = (vy, . . . v, v;
oH/dy; |, - , is a vector field in {x} and h(x, t) = H(x, u(x, t), t).

When n = 3 the rot of the field u corresponds uniquely to the matrix rot «, so that (rot u) v = (rot
1) x v. Equation (1.6) has the form of the well-known Lamb equation in the dynamics of an ideal fluid,
and hence, in general, will also be called its Lamb’s equation.

In order to understand the structure of Eqgs (1.6) better, we will write them for systems with a “natural”
Hamiltonian

1 &
5 Z= gi(xD Yy +V(x1), x=(x,....x,)

Lamb’s equations have the following explicit form

n au au 1 a aV
ou; = — - =1,
+,§é1 8 {ax ox; Ju" 2 ox; (,:ngﬂ‘u uk] o, "
Equation (1.6) means that
= {y=ulx, 0}

is an n-dimensional invariant surface of system (1.1) [1]. If u = dS/dx, we have rot u = 0, and from (1.6)
we obtain

0(3S/0t + h)/ox=0
Consequently
9S5/0t + H(x, aS/dx, t) = g(t)

After making the replacement

SoS-[gyar

the function g is equal to zero. The derivation of (1.2) from (1.6) for invariant surfaces (1.3) is identical
with the derivation of the Lagrange—Cauchy integral for potential flows of an ideal fluid. Hence, the
invariant surfaces X will be called potential (vortex) surfaces if tot u = 0 (rot u # 0).

Equations (1.6) for Hamiltonian systems appeared for the first time, obviously, in the variational calculus as the
conditions for extremal ficlds to match (see [2]). The extension of Lamb’s equations to non-Hamiltonian systems
can be found in [3]. The relation between Eq. (1.6) and the ideas from hydrodynamics can be found in [1, 4]. The
use of Lamb’s equations to integrate the equations of analytical mechanics is described in [3, 5}, although it is families
of potential invariant surfaces that are mainly considered there.

2. THE VORTEX METHOD OF INTEGRATING HAMILTON’S
EQUATIONS

Suppose u(x, t, c) is a family of solutions of Eqs (1.6), which depends on n parameters ¢ = (cy, . . .,
¢,). We will call this family the complete integral of Lamb’s equation (1.6), if

det] dufdc || £ 0 1)

Theorem 1. Suppose we know the complete integral u(x, ¢, ¢) of Eq. (1.6), where:

1. rank (rot u) =

2.k integrals F, (x y, 1), ..., Fi(x,y, t) of Hamilton’s equations (1.1) exist such that {Fy, F;} = 0 (for
alll </i,j < n) and for all values of ¢ the field u(x, t, c) satisfies each of the k equations
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ou/ot+(rotu)v,=-df,/dx, 1<isk 22)
v; =3E /e fi(x,1,0)= F(x,u(x,1,0),0)

3.f1, ..., fi are independent as functions of x.
Then the initial Hamilton equations (1.1) can be integrated in quadratures.

Note. Since the matrix rot u is skew-symmetric, its rank is an even number.

We will put out a number of corollaries of Theorem 1. We will first consider the case when u is a
potential solution of Lamb’s equation: u = Si(x, ¢, ¢). Then rot 4 = 0 and consequently k = 0. In this
case the condition for (2.1) to be non-degenerate becomes conditions (1.4), while Theorem 1 reduces
to Jacobi’s theorem on the complete integral of Eq. (1.2).

We will now consider the simplest of the vortex solutions of Eq. (1.6), when rank (rot #) = 2 and
consequently k = 1.

If system (1.1) is autonomous (the Hamiltonian H is clearly independent of t), we can take the function
H as the integral F from Section 2. The field 4 then obviously satisfies Eq. (2.2), since this equation is
identical with the initial Lamb equation (1.6). Condition 3 of Theorem 1 reduces to the condition

dH(x, u(x,t,c))#0 (23)
We have therefore established the following corollary.

Corollary. If we know the complete integral u(x, ¢, ¢) of Eq. (1.6), defined by the Hamiltonian H(x,
y), where rank (rot #) = 2 and condition (2.4) is satisfied, Hamilton’s equations (1.1) are integrable in
quadratures.

This assertion is particularly effective when n = 3: the rank of the matrix rot « can be equal to either
Zero or two.

Finally, we will consider another limiting case, when the matrix of the rot u has the maximum possible
rank, equal to n. Then n = 2k, and for the complete integration of Hamilton’s equations we must know
n/2 involutive integrals which satisfy conditions 2 and 3 of Theorem 1. We can give these conditions a
clear interpretation in the autonomous case when the functions H = F, . . ., F,; and the field u are
explicitly independent of . Then Lamb’s equation (1.6)

(rotu) x' =-0oh/ox (2.4)
will be a Hamiltonian system in 2k-dimensional phase space {x} with the simplectic structure
© = d(udx) =3, (0u; / 0x; - du; / 9x;) dx; Adx;

and Hamiltonian 4. By conditions 2 and 3 the functions h = fj, . . ., f; are independent integrals of Eq.
(2.5). Since {F;, F;} = 0, the functionsf, . . . , fy are also involutive with respect to the simplectic structure
. By Liouville’s theorem, Eqs (2.5) are integrable in quadratures. The momentay are found from the
relationsy = u(x, ¢, ¢).

Theorem 1 is proved in Sections 3 and 4. Equations (1.1) are first reduced to an autonomous system
in (2n + 2)-dimensional phase space, and the autonomous version of Theorem 1 is then proved.

3. REDUCTION TO THE AUTONOMOUS CASE

It is well known that the non-autonomous Hamiltonian system (1.1) with n degrees of freedom can be
represented in the form of an autonomous system with » + 1 degrees of freedom, by adding the conjugate
variables x,,,; = t, y,+1 to the canonical variables x, y and introducing the new Hamiltonian

H = Y+l +H(x,y,1,,+l) (3.1)
Equations (1.1) are equivalent to the system

x=0H /3y, y =-0H /ox
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The other two equations have the form
Xy =0H 13y, =1, Yy, =-0H"/3x,, =-0HIdt

The first of these is a trivial identity, while the second (taking the integral H* = const into account)
represents a theorem on the change in the energy H for system (1.1). Suppose system (1.1) has an n-
dimensional invariant manifold y = u(x, #). Then the relations

y= u(x, Xn+1 ) Yna1 = un+l('x' Xn+1 )=- H(x’u’xnﬂ)

specify an (n + 1)-dimensional invariant manifold for a system with Hamiltonian (3.1).
We will put

= x) 8 =W) Y = Yee)
rotu’ =9du’ fox" ~(Qu’ 19x")T

b= K)ie =@ T, K =R =0

It can be shown that the autonomous Lamb equations for a Hamiltonian system with Hamilton
function H*

(rotu’)v* =-0h" 19x" =0 3.2)

are equivalent to Egs (1.6).
The complete integral u(x, ¢, ¢) of Lamb’s equations (1.6) can be extended to the complete integral
of Eqgs (3.2) by assuming

yn+l =- H(x’ u(x’ xn+]oc)9x"+[)+ cn+[1 Cn+| = const

In fact
det“&u' /ac* “ =det]ou/dc|#0, ¢ =(cps..rCpir)

Thus, we can confine ourselves to considering autonomous systems (1.1) with Hamiltonian
H(x, y) and steady convector fields u(x). These objects are related by Eqs (2.5), in which A(x) =
H(x, u(x)).

Theorem 2. Suppose we know an n-parametric solution u(x, c) of Eqs (2.5), which satisfy condition
(2.1) and the following conditions:

1. rank (rot u) = 2k

2. there are k involute integrals Fi(x, y), . . . , Fy(x, y) of autonomous system (1.1) such that for all
values of ¢

(rotw)y; =-df; /dx, 1<i<k

v; =9F 13yl,en fi(xi0)= F(xu(x,0))

3. the functions fj, . . ., f; are independent.

Then system (1.1) can be integrated using quadratures.

This assertion is a consequence of Theorem 1 in the special case when the functions H, Fy, . . ., Fy
and the field u are explicitly independent of z. On the other hand, Theorem 1 is derived from Theorem
2 using the extension of phase space described above. The functions Fi(x, y, X,+1), - - - » Fi(X, ¥, X,41)
play the role of k integrals of condition 2 of Theorem 2.

A unique interesting point which is required in the proof is equality of the ranks of the skew-symmetric
matrices 4 = rot u and B = rot u*. We recall that the rank of a matrix is equal to the codimension of
its zero-space, consisting of the eigenvectors with zero eigenvalue. These vectors are also called vortex
vectors.

Suppose
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)\1 = (X”,...,ll,,)r,..., km = (X,,,l,...,xmn)r (3.3)
are linearly independent vortex vectors of the matrix 4 and m = n — rank A. It is clear that the vectors
A=y, 007, Isism (3.4)

will be linearly independent vortex vectors of the matrix B. It remains to note that, according to (3.2),
B has one other vortex vector v* = (vy, .. ., v,, 1) # 0, linearly independent with vectors (34).

The vortex vectors (3.3) of the matrix rot # depend on the point x, and their linear combinations
generate an m-dimensional distribution I1(x). It turns out [4] that this distribution is integrable: the n-
dimensional space of positions {x} is stratified into m-dimensional surfaces, the tangential planes of
which coincide with IT(x) at the point x. Consequently, the local coordinates x, . . . , x,, can be chosen
so that the integral surfaces of the distribution IT (the vortex manifolds) are specified by the equations

Xy =0y,..., Xop =0y; O=const, 2k=n-m
We can take as the vortex vectors (3.3)
A =(0,.,0,1,0,..07, ... Ap=0,..,0,..,D7

Since (rot u) A; = 0 (1 <i < m), we have du;/dx; = dujdx; foralli=1,...,nandj=n-m+1,...,n.
In particular

ou, /dx; =du; / ox,, ou, /dx; =du;/dx,, 1<p, <2k

Consequently
(0/0x;)(duy, / 3x, —du, / 0x,)=0

Hence, the matrix rot u has the following form: its last n — 2k columns and n — 2k rows are zero,
while the remaining elements form a skew-symmetric 2k x 2k-matrix

(rotu). =|3u, /3x, - du, /3x, | p.g=2k

the elements of which are independent of x4y, - - . , X,
It has been proved [4] that the function £ is constant on vortex manifolds. So in these variables it
depends only onxy, . . . , xy. Hence, Eq. (2.4) reduces to the equation

(rotu)exs =—0h/0xe, Xu=(Xp,...,X9) (3.5)

with non-degenerate matrix (rot u). Since the equations from condition 2 of Theorem 2 are identical
in form with (2.4), the functions f;, . . ., f; are also constant on vortex manifolds and are independent
of xp5 41, - - - ,X,- These functions comprise a complete involute set of independent integrals of Hamilton’s
equations (3.5), and hence Liouville’s theorem of complete integrability applies.

It was proved in [ 1] that the phase flux of system X = v(x) converts vortex manifolds. Consequently,

the components v .1, . . ., v, Of the field v are independent of the variables x4, . . . , X,, and these
variables can be found as functions of ¢ by simple quadratures.
Elimination of the variables x5, . . . , X, indicates factorization on the space of positions {x} with

respect to the manifolds: the points x lying on one vortex manifold are identified. From this point of
view, system (3.5) is a factor-system (2.5) for this equivalence ratio. Hence, the problem of integrating
system (1.1) rests on the problem of constructing a family of vortex manifolds.

4. PROOF OF THEOREM 2

Consider the family of surfaces of compatible levels of the functions f;

Mg~ = {x: fi(x)=By,.... fi(x) =By}, B=const
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Suppose V3, . . ., V; are Hamiltonians of vector fields in 2z-dimensional phase space of the variables
x and y, generated by the Hamiltonians F, . . ., Fi. Since {F;, F;} = 0, these fields commute pairwise:
[V V;] = 0. By condition 2, the fields ¥; touch the n-drmensronal surfaces X, = {x,y:y = u} and hence
the projections vy, . . ., v; of these ﬁelds are correctly defined in the configuration space {x}. Since the
fields V; commute palrwise, we have [v, v;] = 0.

Since {F;, F}} = 0, each function F; is an integral of the vector field Vj: Vi(F;) = 0. Consequent-
ly,vi(fi) =0 for alli,j = 1,..., k. This indicates that the fields vy, ..., v, touch each surface M™*.

On the other hand, there are mdependent vortex vector fields wl, ...y Wy Which also touch M,
In fact, by (3.4), wi(f;) = 0. Further, the vectors

Ul,...,Uk, Wl,...,Wn_Zk (4'1)
are linearly independent. Otherwise

with certain A; and p;, where X | &; | # 0. Multiplying (4.2) on the left by rot # and using condition 2,
we obtain

I\ (rotu)y; =~ZA9f /ox =0

However, by condition 3 of the theorem, the functions fj, . . ., f; are independent. Consequently, all
7\., 0. We have obtained a contradiction. Note that the number of independent tangential fields (4.1)
is identical with the dimension of the manifold M™*.

We will now obtain the (n — 2k)-dimensional vortex mamfolds rot u, or more correctly, the intersection
of these mamfolds with the (n — k)-dimensional surfaces M™* They are k-dimensional and hence are
specified by M"™* equations

QX =Y1s Q(X)=Y,, xEM™
By the definition of vortex manifolds, the functions @; satisfy the equations
wi(@)=...=w,_5,(9;)=0, 1=<i=<k 4.3)
We will seek these from the additional conditions
vi()=9%; 1<j<k (4.4)

where J§; is the Kronecker delta.

It is érst necessary to show that the systems of first-order partial differential equations (4.3) and
(4.4) have solutions. In fact, [v;, vj] = 0, and it can be shown that the commutators can be expressed
linearly in terms of the vortex vectors w [4]. Under these conditions the solvability of system (4.3)-(4.4)
follows from the well-known results of the theory of solvable algebras of vector fields (see, for example,
[6]).

Since the vector fields (4.1) are independent, from (4.3) and (4.4) we can uniquely obtain (using only
algebraic operations) the partial derivatives of the function ¢; with respect to local coordinates on
M™*_ It remains to use well-known quadratures, which recover from the function from its derivatives.
The theorem is proved.

5. THE RELATION TO THE THEORY OF
NON-COMMUTATIVE INTEGRATION

Suppose u(x, ¢, ¢) is the complete integral of Lamb’s equations (1.6). Since condition (2.1) is satisfied,
using the implicit function theorem the system of equations

y,~=u,-(x,t,cl,...,c,,), I<i=sn (5.1)

can be solved (at least locally) for the parameters ¢
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6 =B (63, ees €y = Fyg(x300) 52

In view of the invariance of the surfaces (5.1) these functions are integrals of Hamilton’s equations
(1.1) [1]. By condition 3 of Theorem 1, the functions F, ..., Fy, ..., F, ., are independent. By condition
2, the first k functions commute with all the remaining ones. Consequently, the rank r of the matrix of
the Poisson brackets

||{Fi9 Fj}"’ 1 = ‘1] = n+k (5.3)

is identical with the rank of the matrix of the Poisson brackets of functions (5.2). It was shown in [7]
that this number is identical with the rank of the rot «, i.e. it is equal to 2k.

Thus, the number m = n + k of known integrals of Hamilton’s equations (1.1) is linked with the
rank r of matrix (5.3) by the relation

2m=2n+r (5.4)

which is known as the condition of non-commutative integrability of system (1.1) [8]. Whenr = 0, condition
(5.4) reduces to the condition of complete integrability of Hamilton’s equations with n degrees of
freedom.

Note that in the theory of non-commutative integration autonomous systems and closed sets of
integrals are usually considered: their Poisson brackets {F;, Fj} are functions of F,. With these
assumptions it was proved in [9] that Hamilton’s equations, which satisfy condition (5.4), are integrable
in quadratures.

Theorem 3. We will assume that Hamilton’s equations (1.1) have n + k independent integrals
I:](xyyyt)w--’ F;H,k(x’ylt) (5.5)

where the first n - k of these are in the involution with all the functions (5.5). Then Egs (1.1) can be
integrated in quadratures.

When k = 0 we obtain Liouville’s theorem on the complete integrability of Hamiltonian systems.
We will consider the autonomous case and assume that the surfaces of the common levels of integrals
(5.5) are compact. It was proved in [10] that the coupled components of these surfaces will be (n — k)-
dimensional tori with conditionally periodic motions, and in the neighbourhood of these tori one can
introduce generalized action-angle variables. Note that in the assumptions of Theorem 3 the rank of
matrix (5.3) is equal to 2k. Consequently, condition (5.4) is satisfied, but it is not assumed here that
the set of integrals (5.5) is closed.

To prove Theorem 3 we will consider the algebraic system of equations

Faxyty=cphey Fru(xyt)=c, (5.6)

and we will additionally assume that

(Frays-wos Fpak)
0(¥1se-+sYn)

Then we can solve system (5.6) for the canonical momenta: y = u(x, ¢, c). Since for all values of ¢
Eqgs (5.6) specify the invariant surface of system (1.1), the field u satisfies Lamb’s equation (1.6).
Since the functions (5.6) are independent and condition (5.7) is satisfied, the family of solutions
u(x, t, c) satisfies condition (2.1). Consequently, this is a complete integral of Lamb’s equation. The
rank of matrix (5.3) is identical [7] with the rank of the matrix rot . Hence, condition 1 of Theorem
1 is satisfied. Since n — k = k, the first k functions of the set (5.5) commute with all the functions (5.6).
Hence, condition 2 of Theorem 1 is satisfied. Finally, condition 3 follows from the assumption that the
set of functions (5.5) is independent. Hence, the integrability of Hamilton’s equations (1.1) follows from
Theorem 1.

If assumption (5.7) is not satisfied, the variables y,, . . . , y, must be replaced by other canonical
coordinates. All the discussion remains the same apart from Lamb’s equations that will have a somewhat
different form.

20 (5.7
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6. APPLICATION TO THE DYNAMICS OF A VARIABLE BODY

As an example we will consider Liouville’s problem [11] of the inertial rotation of a variable body:
due to internal forces its particles are displaced with respect to one another. Euler’s dynamic equations
have the form

K=K o, K=lo+ki (6.1)

where o is the angular velocity of the body about its principal axes of inertia, I = diag(l}, I, I3) is the
inertia matrix, and A = (A, Ay, A3) is the gyroscopic moment. We will assume that /; and A; are known
functions of time. In this case Eqs (6.1) will be closed.

Note. Other formulations of the problem are possible in the dynamics of a variable body. For example,
Zeiliger and Chetayev [12] considered a similarly variable body and for the closure of system (6.1) they
added an equation for the rate of “radiant” expansion.

Combining Poisson’s equations for the unit fixed vectors o, B, ¥
o =fa,w], B =[Bwl y =[] 6.2)

with (6.1) we obtain a complete system for determining the orientation of the principal axes of inertia
of the body. Equations (6.1) and (6.2) admit of three integrals

K. )=c;, K,B)=cs, (K,Y)=c3 (6.3)

A consequence of these is the integral of the momentum (K, K) = k2 of Euler’s equations (6.1).

We will seek three-dimensional invariant surfaces, which are uniquely projected onto configuration
space—the SO(3) group. This means that the moment of momentum K must be sought in the form of
a function of o, B, v and the variable z. Then from (6.1) and (6.2) we obtain a vector partial differential
equation

-‘-9£~n-£(—[(1co)]+-<--)—li[fi(s)]+?—lg
ot  do ap ay

Here we must substitute -1(K - A) instead of . This equation is, of course, Lamb’s equation (1.6),
except that it is not represented in canonical variables. Changing from (1.6) to (6.4) is completely
analogous to changing from Hamilton’s equations to the Poincaré~Chetayev equations in Lie algebras.

By (6.3), one of the complete solutions of Lamb’s equation (6.4) will be a function of K = c;a + ¢,§
+ c37. It can be shown that the condition for (2.1) to be non-degenerate is satisfied and the rank of the
matrix of the rot is equal to two, if the inertia operator / is not spherical.

We will assume that Eqs (6.1) have an integral F(X, ¢) independent of the integral of the momentum
K2 Then Egs (6.1)«6.2) can be integrated in quadratures. This fact can be derived from Theorem 1.

[y, w]=[K,0] (6:4)

In fact, here & = 1 and the Poincaré—Chetayev equation
K =K, 9F/3K] (6.5)

corresponds to the function F, to which we must add Poisson’s equation (6.2). Clearly each surface (6.3) will be
invariant for Eqs (6.5) and (6.2). Hence, condition 2 of Theorem 1 is satisfied. Condition 3 follows from the
assumption that the functions F and K? are independent.

Note. The result that Eqs (6.1) and (6.2) are integrable in quadratures also follows from Theorem 3: the required
set of integrals is comprised of the functions F and K, (K, o), (K, B). The integrability of the non-autonomous
system (6.1) with the additional integral F also follows from the Euler—Jacobi theorem, since the divergence of
the right-hand side of (6.1) is equal to zero.

It can be shown [4] that the vector fields in group SO(3), which generate rotation of the axes of the
inertia with an angular velocity that is constant in a fixed space, will be vortex fields. In particular, all
the vortex lines are closed and the stratification of the SO(3) group by the vortex lines are closed and
the stratification of the SO(3) group by the vortex lines coincides with the well-known Hopf stratification.
The corresponding factor space will be a Poisson sphere.
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To fix our ideas we will consider the case when the vector of the moment of momentum K is directed
along v: K = ky, k = | K|. Assuming the vector y to be vertical, we will introduce the Euler angles, which
specify the orientation of the principal axes of inertia of the variable body. We must put ¢; = ¢; = 0,
¢3 = k in (6.3). Using Euler’s kinematic formulae, for these quantities we can write the equations of
motion in the SO(3) group

O =k(I7' = I;") sinOsin@ cos @ — A [ cos @ + A, I3 sing

(6.6)

.2 2 ; :
5 =kcosﬂ(—-l—— sin“@  cos (pJ+ A sinpcos + Aycospcos® Ay

I I I, I, sin® Iysint I

.2 2 .
v =k Sin“¢  cos"Q) A s.m(p _ lzc?scp
I, I, Iisind  Lsind

They allow of the integral invariant
mes(D) = mDsin ddodody

which is identical with the double-sided invariant Haar measure in the SO(3) group [13]. In these
variables the vortex fields have the form 8° = 0, ¢’ = 0, ¥’ = W, while the vortex lines are specified by
the equations 9, ¢ = const. Since the third equation of (6.6) does not contain the angle y explicitly,
factorization with respect to the vortex lines leads to the first two equations of system (6.6). These are
a closed Hamiltonian system on the Poisson sphere, and the standard 2-form of the area plays the part
of the simplectic structure.

7. THE CLEBSCH POTENTIALS

As shown in Section 3, the fundamental difficulty in the explicit integration of Hamilton’s equations
for a known complete integral of Lamb’s equations is finding the vortex manifolds. This problem can
be simplified considerably if the covector field u is represented in the form of a sum

dS/0x+ A0B, / 0x+...+A,0B, / ox (7.1)

where S, A;, By, . . . are certain functions of x and ¢. In view of the formulae A, and B, have the same
meaning. In hydrodynamics the functions S, 4,, By, . . . are usually called Clebsch potentials [14, Section
167].

If the potentials A;, By, . . . , By are independent as functions of x, we have rank (rot u) = 2k. Since

Ay uy _ (aAs 3B, 0A, aBs]

ox; ox; “—\ox; ox; ox ox;

; ox; ox; Ox
the vortex vectors coincide with the tangential vectors to the (r — 2k)-dimensional surfaces
{x: A(x,t)=a;, B(x,t)=b,,....,B,(x,t)=b,}, a,b=const

Consequently, these surfaces are the required vortex manifolds.
By Darboux’s theorem [15], the Clebsch potentials always exist. Moreover, the functions Ay, By, . . .,

By, can be taken as new coordinates; we will denote them by x;, . . ., x,. Expanding this point transfor-
mation to a linear canonical transformation, we can write formulae (7.1) in explicit form
u—-a—'s; u-£+x Uppey = oS u—as
"Tox T 2 ax, VU e - ™

and Lamb’s equations (1.6)
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xi:_i(as h), x~2=i(as h) (7.2)

E+

.......................................................................

3 (as 3 (as
— =, =—|—+hi=0 .
e (ar +h) o, (at * ) (73)

It follows from (7.3) that dS/dr + h is a function of the coordinates xy, . . . , X5, and the time ¢ only. This
relation extends the Hamilton-Jacobi equation and reduces to it when k = 0. Then (7.2) will be a closed
canonical system of differential equations for the Clebsch potentials with Hamiltonian dS/d¢ + h. These
observations extend the well-known results obtained by Clebsch and Stewart [14] to vortex flows of an
ideal fluid (when n = 3).

We will now assume that the conditions of Theorem 1 are satisfied. It can be shown that (by (2.3)) the functions
fis -+« » fy are independent of x4, . . . , X, and are in involution. Hence, these functions form a complete set of
independent involutive integrals of Hamilton’s equations (7.2). The explicit solution of Eqs (7.2) can be obtained
using the construction of the complete integral of the Hamilton-Jacobi equation for the Hamiltonian 35/0t + h.
After this, the remaining variables xy.,, . . . , x, are found by simple quadratures (see Section 3).

As an example we will again consider the rotation of the axes of inertia of a variable body. Suppose py, pq, Py
are canonical variables, conjugate to the Euler angles 9, @, y. Taking the axis of the constant moment of momentum
of the body to be vertical, we write the equation of the three-dimensional invariant surface in these variables, the
surface being uniquely projected onto SO(3).

py=k pp=0, py=kcosd

We can take as the Clebsch potentials
S=ky, A=kcosd, B=¢

I wish to thank V. V. Rumyantsev and A. N. Golubyatnikov for useful discussions.
This research was supported financially by the Russian Foundation for Basic Research (96-01-00747).

REFERENCES

KOZLOV V. V, The hydrodynamics of Hamiltonian systems. Vestnik MGU. Ser. Mat. Mekh. 6, 10-22, 1983,

. BLISS J. A., Lectures on the Variational Calculus. 1zd. Inostr. Lit., Moscow, 1950.

ARZHANYKH I S., The Momentum Field. Nauka, Tashkent, 1965.

. KOZLOV V. V,, The vortex theory of a top. Vestnik MGU. Ser. Mat. Mekh. 4, 5662, 1990.

. VUJANOVIC B. D. and JONES 8. E., Variational Methods in Nonconservative Phenomena, p. 371. Academic Press, Boston,
1989.

. CHEBOTAREYV N. G., The Theory of Lie Groups. Gostekhizdat, Moscow, 1940.

. KOZLOV V. V., Hydrodynamics of noncommutative integration of Hamiltonian systems. Dynamical systems in classical
mechanics. Am. Mat. Soc. Ser. 2. 168, 227-238, 1995.

. MISHCHENKO A. S. and FOMENKO A. T, The generalized Liouville method of integrating Hamiltonian systems. Funkts.
Analiz i Yego Prilozheniya 12, 2, 46-56, 1978.
9. BRAILOV A. V,, Some cases of the complete integrability of Euler’s equations and applications. Dokl. Akad. Nauk SSSR

268, 5, 1043-1046, 1983. .

10. NEKHOROSHEYV N. N,, Action-angle variables and their generalization. Trudy Mosk. Mat. Obshchestva 26, 181-198.

11. LIOUVILLE J., Développements sur un chapitre de la Mécanique de Poisson. J. Mat. Pures et Appl. 3, 1-25, 1858.

12. CHETAYEYV N. G., The equations of motion of a similarly variable body. Uch. Zap. Kazan. Univ. 114, 8, 5-7, 1954,

13. NAIMARK M. A,, Linear Representations of the Lorentz Group. Fizmatgiz, Moscow, 1958,

14. LAMB H., Hydrodynamics. Gostekhizdat, Moscow, 1947.

15. KARTAN E.,, Integral Invariants. Gostekhizdat, Moscow, 1940,

VA WN -

e NN

Translated by R.C.G.



